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Abstract. We consider the Schrodinger operator for polynomially perturbed d-dimensional
non-resonant harmonic oscillators. We adapt to quantum mechanics the argument of
Giorgilli and Galgani. based on the Lie perturbation method and leading to Nekhoroshev
type estimates. As a consequence we show how to use the Rayleigh-Schridinger series to
describe the quantum propagator for exponentially large times.

1. Introduction and statement of results

Classical perturbation theory can boast two major results, namely the kam theorem
and the Nekhoroshevtheorem. The former gives estimates of (eternally) almost periodic
motions, the existence of which is proved for a high fraction of the phase space. The
latter gives estimates for motions occurring in all of phase space for finite times,
exponentially large as the perturbation parameter ¢ decreases to zero. The theorem
of Nekhoroshev establishes a third time scale for the perturbed motion, intermediate
between the usual time scale O(¢ ') and ‘long’ times (or “eternity’). Some applications
of Nekhoroshev estimates in classical mechanics are discussed in [1-3].

The aim of the present paper is to study this intermediate time scale for quantum
propagators. We consider the restricted but physically significant example of poly-
nomially perturbed harmonic oscillators with d degrees of freedom and non-resonant
frequencies. We study in L*(RY) the Schrédinger operator

L B s 5
Ho=Hrev=§ (-5 ) -thlof+evig) 1)
j=1 2 M} )
where the potential V is a real, bounded-below polynomial of degree k and
w=(w,,...,w,;)cR? satisfies the condition
v = Gyl (2)

for any v#0, veZ‘, with 0 v =3, 0y, [v|=3% |y, C,, y positive. The shift by
i#|w| in (1) is for reasons of simplicity, it gives inf o( H,) = 0. The eigenvalues of H,
are all simple, equal to Ey(v)=hw-v, veN, where we let 0e6N. We denote the
corresponding normalised eigenfunctions e,, and let Pz be the projection onto the
finite-dimensional span{e,: E,(v)< E}, As is well known [4], for each »eN* there
exist a Rayleigh-Schrodinger perturbation series X;_, ¢/E,(v), divergent but Borel
summable to the perturbed eigenvalue E_(v) of H,. Let K, be the self-adjoint operator
defined by Kje, = E;(v)e,. The following is the main result of this paper.
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There exist positive constants A, B, e, such that for any 0<¢ < Be,, there exist a
rie)

unitary operator U, and a self-adjoint operator K. of the form K, =3/ ¢’K; for
appropriate integer r(e) satisfying

I(U.HU¥~ K. )P | < AE*? exp[—(e,/€)"]. (3)

Here r(e) is of the order of (e,/€)° e, =DhE~*'? and A, B and D are independent
of E and .

One should perhaps remark here that defining the unitary operator U, and the
self-adjoint operator K, by

Uses,v =€, Kseu = EF( V)ev

where {e..},.ns are the orthogonal eigenfunctions of H, associated with E,(v),
(H.—-E.(v))e., =0, we obtain immediately

U.HU*=K.. (4)

Note, however, that usually one knows neither e, , nor E,(v) except through their
divergent Rayleigh-Schrodinger series. In other words, up to rth order of perturbation
theory we can only achieve an approximation of (4) with error O(e"™"). Since, however,
the operators UE, IZF are defined abstractly we have no control over the constants in
these estimates and so cannot put r=r(e)=¢"" to obtain the exponential estimate
(3). The proof of (3) consists, in fact, of a concrete iterative procedure with explicit
estimates of the remainder.

The result of theorem 1 is useful for perturbation theory, i.e. for taking the limit
£ -0 for A fixed. Unfortunately, the dependence of £, on # excludes the semiclassical
limit # >0 for ¢ fixed. We also note that in the classical case Giorgilli and Galgani
[5, 6] obtain a better exponent a, essentially a =(y+2)”', independent of V.

Theorem 1 has a consequence for propagators, which seems to be the first result
establishing the intermediate time scale in the framework of quantum perturbation
theory.

Theorem 2. With constants as in theorem 1, and A, independent of E and #, we have
[(exp(~itH,) —exp(=itK,)) P || < A h *E*/?¢"

for |t|< e exp[(e,/€)%].

The proof of theorem 1 is an adaptation to quantum perturbation theory of a proof
of Nekhoroshev theorem given by Giorgilli and Galgani [5], see also [7]. Note that
the rigorous implementation of classical perturbation algorithms in quantum mechanics
was initiated by Graffi and Paul [8], where a wkB-type ansatz in the Bargmann
representation reduced the Schrodinger equation to a Hamilton-Jacobi equation with
quantum corrections and allowed the calculation of the semiclassical limit for all terms
of Rayleigh-Schrédinger series to all orders in #. These results were re-established by
Degli Esposti, Graffi and Herczynski [9] by implementing the perturbation theory
based on the Lie method, where no generating functions in mixed variables and no
Hamilton-Jacobi equations appear. Since Giorgilli and Galgani use the Lie method
in their proof, we will follow [9].
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We observe that Ali [10] considered the Lie perturbation method in quantum
mechanics. His results are formal in that he does not give the estimates of the operators
involved, and thus cannot obtain, for instance, the unitary operator U,.. He provides,
however, a numerical test of the quantisation procedures. We point out also that a
recent interesting application of Nekhoroshev like perturbation technique to the one-
dimensional Schrédinger operator by Benettin et al [11] is based on rewriting the
Schrodinger equation as a dynamical system (one-dimensionality is essential here) and
then applying the Nekhoroshev approach in this classical situation. In contrast, we
implement here the classical perturbation algorithm directly in the Hilbert space.

The plan of the paper is as follows. In section 2 we formulate the Lie perturbation
algorithm in quantum mechanics and give the appropriate estimates. The proof of
theorem 1 and theorem 2 is carried out in section 3. In the appendix we prove a lemma
on polynomial perturbations necessary for our analysis.

2. The Lie method in quantum mechanics

Our first aim is to derive equations for perturbation theory of H, = H,+ ¢V, so we
proceed formally and will consider the convergence problem later. Let W, =

70 &’W.,, where W, are self-adjoint operators. We will consider the equation
U.H.U* = K,, where U. is the unitary solution of (d/de) U, =iU.W., Uy= I, so denote
T.A= U,AU¥* for any self-adjoint operator A and expand T. as a power series in ¢:
T.A=2%]_,¢'TA, where TyA=A (here W,, W, are operators acting in the Hilbert
space, and T,, T, are operators acting on operators). We want to express T; in terms
of W,. Differentiating T.A = U,AU¥ with respect to ¢ we obtain

d
— T.A=U,i[W,, A]U* (5)
de

so letting LA =i[ W, A] we obtain

nT,A=Y T, LA
;=1
whence we can inductively find T, in terms of commutators with W, similarly to the
Lie method in classical mechanics as discussed, for instance, in Lieberman and
Lichtenberg [12]. These expressions for 7, were used by Degli Esposti, Graffi and
Herczynaski [9]. It turns out, however, that for the purposes of perturbation theory a
different formulation is more convenient. We rewrite (5) as

d
de TA=i{UW. U}, T.Al=i[X,, T.]
E
where X, = U.W.U¥=2",¢'X,,,, and letting L,A=i[X;, A] we obtain
1 n
LA=—Y LT, A (6)
J=1

similar to expressions considered by Giorgilli and Galgani [5] (see also [6]).
All our estimates of U, will be expressed in terms of X], therefore to ensure that
the operator U, is then well defined, we need the following result.

Lemma 1. If |X | <3ip’ for any j, then |W,|<3(28) and W. is convergent for
le|<1/28. Moreover, if X; are self-adjoint, then so are W,.
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Proof. The proof uses the result of lemma 2 below, which is independent of lemma
1. Since X, =U.W.U,=T,W,, we have W, = X, and

ne=1

W,,=X,1" Z Tn—;‘/V; (7)
7=1

for n=2. Now we prove the lemma inductively. For j =1 it is immediate. Suppose
we have [|W,| <3(2B) forj=1,...,n—1. Then by (7) and lemma 2 we find

n-1 n-1

Wl <X, 0+ 2 IT, W=1B"+ip" L 2/ <12B)"
J=1 e
The self-adjointness statement is obvious from (7}, and thus the lemma is proved. U

We next want to consider the convergence of £, ¢'T,. Although X, are bounded
operators, we will have to consider expressions of the type T,H,, which are not
bounded. We therefore introduce the following definitions. We say that an operator
A is in the class F,, A€ F,, if A is relatively bounded with respect to some power of
H, and, moreover, (e,, Ae,) =0 whenever |v— u|>s, where { , ) denotes the scalar
product in L*(R“) (as in section 1, we put |¥|=2", |r]). Moreover, we let [|A|,
denote || APgl|, which is well defined since AP; is, for any A, a finite-rank operator.
Let w*=sup,., 4w, The inequality

“ABHE = HAPE*\hw’BPEH = H‘AHf:*whmK

B” E
holds for B< F, and arbitrary A. If, furthermore, B is bounded, we obtain
ILA, Bllle <2} Al ol Bl (8)

Lemma 2. Suppose X, € F,, {|X,[|<!B' for j=1,2,.... Then
ITAle<B'|Alle-,.
where € = hkw™.

Proof. For j=0 the result of the lemma is true. Suppose we have proved that
I TAl e <P’ ||Allg+je for j=0,...,n—1. Then by (6) and (8)

1 7" 2 n "
IT.Alle <— Zl IIX,, T Al <2 Z‘ IX AT Alle e < B"|All £ ne
1=

n, =

The lemma is proved. O
Lemma 2 can be used to estimate the remainder of the series 7., ¢'T,A.

Lemma 3. Suppose X are asinlemma 2. If AisboundedthenX;_, ¢'T,A is convergent
for |¢|<1/B and
IR(A)|=(1-¢B)""(eB)[|All

where R,(A) = U, AU -2 ., ¢'T/A. If Aissuchthat||A|| < CE“,thenX_, &'T;(A) Pg
is convergent for |¢|<1/28, for any E, and

[R(A)|e < CCAE+E)"(1-2¢B) '(2¢B)""

where C, depends only on «.
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Proof. The first part of the lemma follows by geometric series estimates, and the second
from the inequality

C(E+j&€)"<CCA(E+¥€)2. g

With the above lemmas we can now proceed to write down the perturbation theory
algorithm. Consider the equation

U(Hy+eV)U*=Y £'K,
1=0

where we want K, to commute with H,, i.e. to belong to F,. Expanding in &, we
rewrite the above as K,= H, and

T.H,+T,.,V=K,. (9)
Using (6), we rewrite (9) as

11X, B+ V=K, (10)
where

Vin =T, 1v+1 "21 LT, Ho. (11)
Equation (10) is solved for X,, K,, assuming X,,..., X,_;, and hence also V'",

known, as follows. We have (e,, [ X,, Hyle,) =0forany v € NY and we assume K, € F0
Therefore

(el” Kneu)z(eu’ V‘"]el’) (12)
and
(ey, V(nie )
X i fes Y ) 13
(e,, Xye,) = ni"— (=) (13)

for u # v. We put, by convention, (e,, X,e,) =0. We will be able to estimate the norm
of X, using the Diophantine condition (2) and the fact that V'"'¢ F,,. But before
proceeding we will follow Giorgilli and Galgani in deriving another expression for
V"' more useful than (11). We find, using (6) and (9), that

1 n—1

(n) _

i
Si= x}l= 3|~

Z Li(nT,_,_;V+(n-1)T,_H,)
n-—l, 1

1 ~
__1 Z LJ(Tn—l——[V+(n_1)Kn—j)
j=1

3

ln]

L V+= ¥ LK,_, (14)
n,=

is’

From our point of view the main value of the formula (14) is that it allows one to
estimate the norm of V" when V is bounded. Moreover, we note that

1
(ev, Kneu) =; (el‘9 Tn—] Veu)

which may be more useful than (12), though we will not use it.
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Equations (10), (12), (13) and (14) constitute the perturbation algorithm based on
the Lie method implemented directly in the Hilbert space. Because of the uniqueness
of the Rayleigh-Schrodinger series for simple eigenvalues, (e,, K,e,) will turn out to
be E,(v). Note, however, that if V is a polynomial in g, then it is an unbounded
operator and so will be X, K, and in general all X}, and we will not be able to obtain
the estimates needed for lemmas 3 and 4. Therefore we proceed in the following
manner: instead of V we consider ® = Pg, VP, for appropriately chosen E,. Thisis a
bounded operator. Thus our perturbation equations become

.:;[anHO]+V‘n)=IZ" (15)

" 1 l n-1 -
VW=—T, ®+- Y LK, (16)
n n o=

for n=2, V'V = ®, where (e,, K,e,) is the nth term of the Rayleigh-Schrodinger series
for Hy+ ¢® for perturbation of Ey(v). Equation (15) is solved as in (12), (13). Since
now all operators X;, K, are bounded, we may estimate the norm of V"’ This will
depend on the norm of @ and hence on the choice of E,, to be discussed in the next
section.

It is easy to see inductively that V'"', X, € F,,,, and also that T,Ac F,.,, for A€ F,.
Observe also that since V'" is self-adjoint, so are V"' and X, for any n=1. Our next
step is to provide estimates for the iterative procedure (15), (16).

Lemma 4. For any j=1,2,... we have
IVHl=< ey (17)
IT- @l <Py (18)

where €(1)=1, €(j)=(1/h)297'C, k" ||®] """, for j= 2.
Proof. The proof is by induction. For j=1, (16) and (17) are obvious, so suppose we
have them for j=1,..., n—1. Note first that by (12)

IKl=(vi)<|o|e0)y (19)
and by (13), (2) and V"¢ F;, we have

IXI=< sup_|(f, Xg)l

IFl=1gl=1

= Sup Z |(f; eu)(ev, X/‘el/-#u)(ev-*-p.a g)l

rl=llgl=1 pmlv|=jh

.
< s IVl itk ¥ (e (e, o)l

Iri=lgl=1 | T gk

o 1
<Vl CGR” T 1

v|=jk
il .
<|®lEY ’;Cu(}k)y(bk)d

=3€(j). (20)
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We now consider (18) for j = n. We find, by (6) and (20), that

n—-1

IT.- n‘DH<— Z 1L Ty, @

2 n—1
___1 Z lX)HHTnfl*/q)”
S—l__nzl n ])” -y
n—1 1=1
SH@ ¢ nrl‘

We pass to (17) for j = n and use the elegant formula (14) to obtain

1 1 n—1
IVl ==T,ll+= X ILK |
n n =i
1 2 n—1
== T += 2 XK, |
n n,=

1 n—1 -
< =[P E(n)"" " +—[|®||E(n)""
n n

=|®|&n)""".

The lemma is proved. [

For our purposes the estimate (20) is essential. It shows that if we carry out the
perturbation theory to all orders we will not get the estimate || X[/ <38’ needed for
lemma 2. We will, instead, again follow Giogilli and Galgani {5] by considering the
perturbation theory up to order r, putting 3 = £(r), and then by choosing the best r(¢)
to minimise the remainder.

3. The proof of theorem 1

We carry out the perturbation theory as described in the previous section up to order
r and set X; =0 for j=r. We then get ||X;|| <3%(r)’ for any j and we can apply lemma
3 to estimate the remainder. The heart of the argument is the optimisation of this
estimate for a given £ by choosing the right r. In contrast to Giorgilli and Galgani
[5], however, we also have to be careful to make the right choice of E; in the definition
of ®. We put Eq= E +(r+1)€ where, we recall, € = hkow®*. The following two lemmas
justify this choice.

Lemma 5. If E,=E +(r+1)€, then

K,-PE = K, Pg (21)
forj=1,...,r
Lemma 6. Assume that ¢ <1/28 and E > &. If E, is as above, then

NUAV=-®)U¥|| < C,EN*r* " (2eB)
where C, depends only on V and B8 = 4(r).
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Lemma 5 is essential if we want to have the Rayleigh-Schrodinger series for Hy+ eV
instead of Hy+e® in theorem 1. Lemma 6 gives the estimate similar to that of lemma
3, which will be important in the optimisation step.

Proof of lemma 5. For the purposes of this proof only, we introduce the following
notation: X;, V"', T, for perturbation theory of Ho+ ¢V, X,, V' T, for perturbation
theory of Ho+e®, V"=V, V'V =&, We will show a stronger statement than (21),
namely

V('))PEOf,éz VH)PEOﬂ'{‘ (22)

for j=<r, from which (21) follows immediately. We prove (22) by a kind of ‘finite’
induction for j = r, together with

T ®Pg ;=T VPe . (23)
Forj~= 1 (22) and (23) are obvious. Suppose we have them for j=1,..., n<r Then

also X;Pg,_;s = X;Pg,_,« for j<n, and

-~ i & o~ . ~
an)PEO——nif = Z (‘Xan—jd)_ Tn—J(DX])PEO—né

n,;=

il

X |~
3

(X~JPE0—J~‘- i1—}¢)_ ‘fn—jq)PE(,ﬂn—,/}c‘»AX%j)PEg—né

1=

3 |-

Z] (X;'PE(,—jé Tn‘iv— Tn—fVPE{,ﬂn—/)éX,)PEO—nf
j=

=T, VPe, ne
and similarly we prove, using (14), that (22) holds for j=n+1. The proof is thus
complete. O
Proof of lemma 6. For Q<R let P, denote the orthogonal projection onto
span{e,: Eo(v)e Q}. Note that
V=P VP, +(I =P )V+V(I-Pg)

=®+ Py ey YPe,-aeqt VPE, )
since Ve F,, therefore putting E, = E,~ &, we have
UV =) U¥| e

<2 U VP« Utle

<2 Y WU VPe, eenUt e
i

i

2 _Z] ( Zo “ Tr( VEiElv(J+1)E|])|lE + “RI,(VP(J'E,.(/HLHE{])“E)-
J=1 \1=

We use now lemma 2 to note that we have || T,(VP ¢, (+1,e,1)||e =0 for E +t&€ <jE,,
so we let t;=1Int((jE,~ E)/ &)= Int(jr+(j—1)E/ &) and obtain, using lemma 3 and
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(A1),

JUAV-D)UF|le<2 Y R (VP e -nie) e
;=1

X

<2(1-¢B)"" Y (eB)" [V -1k,

=1
<2CEY (1 =eB) ' Y (eB) TG DN
=1

Recall that ¢8 <} and E > &, and observe that t,+1> jr+(j—1) so letting C, be as
in lemma 3, we get

[U(V =) UH|| s <4C, sCLEY? Y (268)"
1

o=
<8Cy,CvE  *(2eB)".

Note now that E, = E +r&€ <2Er, and the result of lemma 6 follows. O

We finally come to the proof of theorem 1 and observe that
U.(Hy+eV)U* =Y /K, =eU(V—-®) U +R,(Hy)+eR, ,(V)+Y ¢ (K -K,).

;=0 ;=0

Using lemma 3, lemma 5 and lemma 6 we find, for r=k,

\ U.(Ho+eV)U=Y 'K, || = C-EM?(2¢Br)’ (24)
ji=0 E
where, by lemma 4 and (Al),
2dTIC ky*d e
B =%(r) :——71~—— r7 T4 P, VP ||
d—-1 +d
Il 29

Letting &, =#(2/"°C,Cyk>"E**)"', and = y+d +2+k/2, we find

“ U.(Hy+eV)U¥- Y €K,

1=0

NG
< C;E“"':(ﬂ—> (26)

E 8*

where neither C; nor £, depends on . This means we are now free to choose r as we
please, and it is easy to see that the best choice is r(e)=Int(7(¢)), where

=\ 177
F(e)ze“<ﬁ> .
£

We then have

() < () —exntir otro

o Ex

=

Note now that F(e)y=(e,/e)" fore, = E*(&/e);, hence by (26) we obtain the estimate
(3). We now check the consistency of conditions imposed on ¢ in the above argument.
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We need r=k, used in (24), and 28e <1, used in lemma 1, lemma 3 and lemma 6.
The first of these reduces to

e"‘(ﬁ) =k+1
£

and is satisfied by the choice B=[(k+1)y] ". The second, using B=
(28,)'r(e)7* "' 7*2 follows from
sr(s)’+‘i+'“"”'2<ef(e)y.

2B¢c = <= =exp(—7). 27

£y *

This completes the proof of theorem 1. O
Using theorem 1, we can now give a simple proof of theorem 2. The identity
exp(—itU.H.U*)—exp(—itK,)
=-i J exp(—isU.H U U.HU* - K,) exp[~i(t—s)K.] ds

0
the fact that K., commutes with Pz, and (3) yield

[[exp(—itU.H.U*) —exp(—itK,)]Pc | < AE* ¢ (28)
for |t|<e” expl(e,/€)*]. We use lemma 3 with r =0 to note that
exp(~itU.H.U¥) —exp(—itH,.) = T.[exp(—itH.)]—exp(—itH,)
= Rolexp(—itH,)]
can be estimated by
lexp(—itU.H,U%¥) —exp(—itH,)|| < (1—Be) ' Be <2Be (29)
since 8 <3. Using (25) we give another estimate of 28¢, different from (27):

2Be =—_?—<§j> h eXp[—(7+d+1+k/2)]$<gi>a'

€x *
Putting (28), (29) and the above together, and using the definition of &,, we obtain
theorem 2. O
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Appendix

The aim of this appendix is to prove the following lemma.

Lemma A. Let V be a real polynomial of degree k. Then V e F, and there exist C, >0
such that

IViesCyE"? (A1)
for E=1, A<1.
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Proof. It is easiest to perform the proof in the Bargmann representation 8, 13], which
was already used for the purposes of perturbation theory in [8,9]. We consider the
Hilbert space of analytic functions

Fa= {f analytic in C*, j‘ U (x+ip)l exp(=(Ix[*+[yP")/ ) dx dy <°C}
in which the operator H, becomes

4 d
Hy=hwzV.=h 3 w,z,a—_'
i <y

=1

-172

with eigenfunction e,(z)=(#""p!)""z", veN’ Moreover, the multiplication by g
becomes (z,+ #d/3z,)/V2w;, see [ 8], so we see that V becomes an operator of the form

V=¥ 1,2°(hV,)? (A2)

la+B'sh

whence Ve F; is immediate. Moreover v, in (A2) are polynomials in # of degree
less than k. Note now that

o apaflaty)! 12 5. _ By v! e
z%e, = h <—V,— €va (AV.)%e, = H =g e

for B<v. Letting w, =min{w,,..., w,, 3}, we find
2%, |l < (hlv]+ hk)“ P wy 2 (k+1)“2Ey(v)""?
[hY.)Pe, | < (hlp)® P < 0 ® P E(v) P2

whence we obtain the estimate (A1) with

Cv= Y sup |v.gley* # (k+1)<"

a+Blek O<h<l

The proof is complete. O
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